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Abstract 

In quantum systems which satisfy the hypothesis of equal weights for eigenstates 
Q, the maximum work principle (for extremely slow and relatively fast operation) is 
derived by using quantum dynamics alone. This may be a crucial step in establishing 
a firm connection between macroscopic thermodynamics and microscopic quantum 
dynamics. For special models introduced in j|, 0], the derivation of the maximum 
work principle can be executed without introducing any unproved assumptions. 

Although there is no doubt that the second law of thermodynamics is one of the most 
perfect and beautiful laws in physics, its connection to the rest of physics is still poorly 
understood. It should be stressed that equilibrium statistical mechanics does not lead to 
the second law. The second law deals with transformations between two equilibrium states 
caused by any macroscopically realizable processes which can be far from equilibrium. The 
second law sets sharp and highly nontrivial restrictions on the possibility of such transfor- 
mations and on the energy exchange during the processes 0. 

A traditional approach toward derivation of the second law, which goes back to Boltz- 
mann 0, has been to start from certain stochastic description of microscopic dynamics. In 
the present note, we wish to concentrate on the possibility of deriving the second law from 
fully deterministic microscopic quantum dynamics. Such a link between quantum mechanics 
and thermodynamics (if established) should not only provide a further basis for thermo- 
dynamics but also give an indirect support to our belief (which can not been confirmed 
directly) that even macroscopic systems are governed by quantum mechanics. We shall here 
concentrate on the second law formulated as the maximum work principle (MWP) || , and 
describe its derivation in quantum systems which satisfy the conditions stated in Q for two 
limiting situations of infinitely slow and relatively (but not infinitely) fast operations. Here 
we describe only basic ideas of the derivation, and leave details (which are simply technical 
and not difficult) to |J. 

Basic setup and previous results: Let us start by recalling the general ideas and results 
in |4]], where we presented a scenario for deriving the canonical distribution from quantum 
dynamics, and an example in which such a derivation can be done without making any 
assumptions. (See || for related attempts of deriving statistical physics using quantum 
dynamics.) We consider an isolated quantum system which consists of a subsystem and a 
heat bath [7|]. The subsystem alone is described by a Hamiltonian H§ which is diagonalized 
as H$tyj = Ejtyj for j = 1,2, ... ,n, with = 1 and Ej < £j+i- Similarly the bath has a 

1 The first version May 8, 2000. 
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Hamiltonian H-q which is diagonalized as H B T k = B k T k for k = 1, 2, . . . , N, with HT^H = 1 
and B k < B k+ i. We let B (-B) a smooth function of B such that VL B (B k ) = k (i.e., Qb(B) is 
roughly the number of energy levels B k with B k < B) and denote by Pb(B) = dVL B (B) / dB 
the density of states of the bath. Throughout the present note, we only consider a limited 
range of energy B in which these functions can be approximated as 

Sl B {B)~C x + C 2 eP B , (1) 

and 

p B (B)^C 3 e^ B , (2) 

with constants (3, Ci, C 2 , and C 3 = (3C 2 - Physically speaking, we are assuming that the 
bath is so large that its inverse temperature (3 does not vary when it exchanges energy (heat) 
with the subsystem during equilibration and during operations. 
The Hamiltonian for the whole system is 

H = {H S ® 1 B ) + (l s ® H B ) + H int , (3) 

where Is and 1b are the identity operators, and H mt with ||-Hi n t|| — A describes the interaction 
between the subsystem and the bath ||. We assume that the bath is macroscopic and the 
interaction is weak in the sense that 



As > A > AB, (4) 

where Ae = min^ Ej + \ — Ej and AB = maxj. B k+ i — B k characterize the energy level spacings 
of the subsystem and the bath, respectively. 

For I = 1, . . . , nN, let us denote by $^ the normalized eigenstate of the total Hamiltonian 
H with the eigenvalue Et. We assume that the energy levels are nondegenerate and order 
them as Eg < E^ + \. Let us expand the eigenstate as 

*£ = 2>8* r i® i v (5) 

The hypothesis of equal weights for eigenstates proposed in M is that, for a general interac- 
tion, the above coefficients (pfl satisfy 

\^l\ 2 -f(E~(e 3 + B k )), (6) 

for general £ with Et in a certain range 0, where the function f(x) has a single peak at 
x = and is negligible for \x\ > C4A, where C4 is a constant. The hypothesis looks natural 
since, when A = 0, only (j, k) such that E — (ej + B k ) = contribute to the expansion (|). In 
HI, we presented an artificial example in which this hypothesis can be established rigorously 
without any assumptions. See M for a further (simpler) example. 
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Once accepting (|]), it is easily observed that j|, |], for any operator A of the subsystem, 

($,,(A®i B )$,)^E(^l^il 2 

_ p B (E £ - Ej) _ canonical /yx 

T,jPB(Et-Ej) 13 

where the final estimate follows from (D). Here (■ • .^ anomcal denotes the canonical expectation 
at inverse temperature (3. Furthermore it can be shown that for any initial state 

$(0) (8) 

with coefficients ji almost identically distributed for I such that \Ei — E\ < 5, for some E 
and a constant 5 satisfying AB <C 5 <C Ae, one has 

($(t), (A ® l B )$(t)> ^ (A)™ cal , (9) 

for sufficiently large and typical t, where = e~ lH *$(0) is the state at time t. We have 
therefore shown (under the hypothesis about the structure of eigenstates) that quantum 
dynamics alone brings the system into the canonical distribution. 

External operation and work: We wish to treat a situation typical in thermodynamics, 
where an external agent performs an operation to the subsystem (e,g, moving a piston 
attached to a cylinder) leaving the bath untouched . We model the operation as a change 
of the Hamiltonian of the subsystem. More precisely, the Hamiltonian for the subsystem is 
Hs(t) with Hs(t) = H$ for t < £ and H$(t) = ifg for t > t + r. The operation takes place 
between t and t + r, and the Hamiltonian is constant otherwise. We denote by e'-/ the 
eigenvalues of H§. 

Let $(0) be the initial state as in (|8|), and let be its time evolution determined by 
the time-dependent Hamiltonian H (t) = (Hs(t) <g> 1b) + (Is ® -^b) + -^mt- We assume that 
t is chosen sufficiently large so that $(£o)> which is the state right before the operation, 
describes the thermal equilibrium in the sense of (H). When t becomes sufficiently large, the 
state $(t) is expected to reach the new equilibrium after the operation JTU| . 



From the energy conservation law, one finds that the work done by the subsystem to the 
is 



external agent |TT 



W = ($(*„), H$(t )) - ($(t +t),H' $(t + r)>, (10) 

where H' denotes the total Hamiltonian for t > t^ + r. The maximum work principle (MWP) 
states that the above work satisfies the inequality 

W<F((3)-F'(f3), (11) 

for any operations, and the equality holds if the operation is done infinitely slowly. Here 
F((3) = — log J2j e~^ £i and F'(f3) = —f3~ 1 log J2j e - ^ are the free energies of the subsys- 
tem before and after the operation, respectively. 
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Slow operation: We first consider infinitely slow operation realized in the r — > oo limit, 
which corresponds to quasi-static operations in thermodynamics. In this limit, time evolution 
of the state is completely determined by the adiabatic theorem in quantum mechanics 



14 if we assume that the Hamiltonian H{t) has no degenerate eigenstates for any t. If 
one starts from one of the eigenstates of H, the time evolution of the state exactly traces 
the corresponding eigenstate of H{t) during the operation. Thus if we start from $(0) of 
the form (H), the state right after the operation is written as $(£ + r) — J2elt&t®'ei with 
\8e\ = 1. Here is the eigenstate of H' with the eigenvalue E' e , where the energy levels are 
again ordered as E' t < E' e+1 . 

In order to estimate the work done by the subsystem, we introduce the index i such that 
Ei = E, where E is (roughly) the mean energy of the state $(£) before the operation. The 
mean energy after the operations is simply given by E' slovf = E~. Therefore the energies E 
and E' slow are related by 

n(H<E) = n(H'<E' slow ), (12) 

where Q(A < a) denotes the number of eigenstates of a hermitian matrix A with eigenvalues 



less than or equal to a [13 



Since || -Hint 1 1 = A, we can neglect H int in (|12|) to get 

V(H S + H B <E)~ Q(H' S + H B < E' slow ), (13) 



with errors of 0(A) in the energies [14||. By treating the energy levels of H$ and H§ explicitly, 
we can rewrite (IIBD as 



£ Q B (E - ej ) * £ B (^ low - <•)■ (14) 
3=1 3=1 

By using (0), the relation (|14]) immediately implies 

W slow = E — E' slow ~ F(P) - F'(P), (15) 
which is the equality corresponding to the desired MWP (|TT|). 



Fast operation: Next we consider the opposite situation where the operation is executed 
quickly. We assume that the duration of the operation satisfies r A -1 . In other words, the 
operation is done so quickly that the subsystem and the bath essentially do not exchange 
energy (heat) during the operation. The exchange of heat takes place in the equilibration 
process after the operation. 

Since we have chosen t so that $(t ) describes the equilibrium, it can be expanded as 

$(*o) = E6,**i® r *> ( 16 ) 

where the coefficients ^ satisfy the hypothesis of equal weight @ just as (p^ k . 

Let us consider the time evolution during the operation. From the assumption of quick 
operation, the state of the bath essentially remains unchanged while that of the subsystem 
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changes according to a unitary transformation tyj — > J2j> Ujj'^j. Here we diagonalized H[, 
as H^f'j = E'flj with e'j < e' j+1 . 

Then the state immediately after the operation is 

$(t + r) ~ X! ^kUjj'^j' ® r fc- ( 17 ) 

We can evaluate the energy expectation value of this state as in (0) to get 

E' {ast = mt +r),H'^(to + r)) 

= J2\T,^U jf \ 2 2(B k + e' f + 0(X)) 

j',k j 



J2j pb(e — £j) 

Pb(E - Ej)(E - + E>) 

where we used (|5|) to get the third line. The final inequality follows |0| by noting that e'j, 
is increasing in j' while pb(E — Ej) is decreasing in j, and Ej \Ujf\ 2 = Ef Wjj'\ 2 = 1- On 
the other hand, sine VL-q(B) is convex in B, ( JH| ) implies that 



^^(E-E^^^BiK^-e',) 

3=1 3=1 
n 

= Y,n B (E-E J + (E' slow -E-E' 1 + E 1 )) 

3=1 

n n 

>Y,Vb(E- e 3 ) + 53(^ow - E - ej + £> B (£ - ei ), (19) 
i=i i=i 

p, < E jP b{E-e 3 ){E-e 3 +eI) 
Esl ™ ~ E iP b(E-e,) • (20) 

Then from (|18|), we find E' slow ^ i?f ast [|l(|, and by recalling fll5f) , we find 

WW = £ - ^ as t £ ^siow ^ - F'{P), (21) 
which is the desired MWP. 



and hence 



Discussions: We have derived the MWP for infinitely slow and relatively (but not in- 
finitely) fast operations by using quantum dynamics and our hypothesis of equal weights for 
eigenstates. Note that since the hypothesis has been proved for some models ||, |5|, we now 
have derived rigorously the (parts of the) second law of thermodynamics in concrete quan- 
tum mechanical models jl7| . As we have discussed in [§], ||, we believe that our hypothesis 
is valid in a rather general class of quantum systems. 



5 



Among many questions to be discussed, let us address two particularly important ones. 
The first natural question is whether the MWP can be derived for general operations which 
are neither extremely slow nor very quick. A naive perturbative estimate around the r — ► oo 
limit suggests the validity of the MWP, but to construct rigorous estimate from such a 
heuristic calculation seems quite difficult. A rigorous analysis of general operations seems 
formidably difficult since we have almost no ways of treating general time evolution in quan- 
tum systems with time dependent Hamiltonians. Moreover although unquestionable success 
of thermodynamics may seem to suggest the universal validity of the MWP, one should 
note that in experiments one only encounters operations which are realized as motions of 
macroscopic objects. There is a possibility that a very carefully designed time-dependent 
Hamiltonian Hg(t) leads to a time evolution which violates the MWP. If this is the case, 
all that we can hope to prove is the validity of the MWP for a limited class of operations 
which are "macroscopically realizable." For the moment, we have no idea about what criteria 
should we use to distinguish such operations. 

The second question is whether our result applies to realistic situations where one applies 
many operations repeatedly to the subsystem. To answer this, suppose that we start from 
an initial state (§) where 7^ is nonvanishing only for i such that \E — Ef\ < 5. After a 
general operation, we end up with a similar state, but with a different mean energy E' and 
the energy range 5' which is in general strictly larger than than the initial 5. Therefore if 
we repeat general operations sufficiently many times, the range 6 becomes large and may 
violate the required condition S -C Ae. Therefore, technically speaking, although we can use 
the present result as long as the number of operations does not exceed a certain limit (which 
limit depends on the initial state and the nature of the operations), there is no hope of 
dealing with indefinitely many operations. We still do not know if this limitation contradicts 
with our experiences that the second law of thermodynamics has been confirmed in repeated 
experiments |)I£f|. 
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